We consider a laser beam incident normally upon a waveguide with a Kerr nonlinearity. Although the laser is uniform in the plane of the waveguide, we show that the waveguide fields can be unstable to growth, forming coherent periodic structures. The initial, exponential time dependence is determined, and we find a steady-state solution. Finally, we note that the mechanism necessary for this instability is that responsible for phase conjugation by means of degenerate four-wave mixing.
Transverse instabilities in optics have attracted much interest in recent years. Experimentally, perhaps the simplest examples of such instabilities and the associated pattern formation are the structures that arise from inhomogeneous melting when a single, uniform intense laser beam is normally incident upon a surface.' These patterns, known as laser-induced periodic surface structure, have been observed since 1965 and have been extensively studied experimentally and theoretically for a range of materials, incident frequencies, and pulse lengths. 2 However, their analysis is difficult because the nonlinearity involved in the optical response is large and because other fields, such as temperature, are intimately coupled to the electromagnetic field. Adding to the difficulties is the fact that, as in the case of transverse laser instabilities, 3 in some instances many modes can be involved in the problem and structures with more than a few periodicities can appear. 4 In this Letter we present a system involving a simple Kerr nonlinearity, which can develop a transverse instability involving only one mode. It is thus a reasonably easy system to study theoretically, and we find that experimental study of the predicted instability should be feasible. Yet it is intimately related to more complicated systems: the resulting periodic pattern formation is similar to the structures seen in the systems noted above. In this system, however, the essential simplicity allows us to study in more detail the nature and evolution of the instability. In addition, the process that is necessary for this instability is the four-wave mixing process responsible for phase conjugation. Phase conjugation can be viewed as a process that forms a temporary grating 5 by interference of an intense pump beam and a weak probe, with the phaseconjugate wave arising from the diffraction of a second pump off this grating. The periodic pattern formation seen here is essentially the spontaneous formation of a temporary grating by a single pump. We consider an intense laser (the pump field) incident normally upon a nonlinear waveguide, as shown in Fig. 1 . Initially, the field propagating in the waveguide is infinitesimally small; it is due only to scattering of the incident beam off of inhomogeneities in the waveguide structure. To investigate the possibility of an instability, i.e., the growth of these small fields into a coherent structure, we consider the evolution of small fields in the waveguide under the influence of the intense pump field. For a suitably constructed waveguide only one TE waveguide mode will be present. We write the field of this mode in terms of slowly varying components to the right (aR) and left
, where E 0 is the amplitude of the pump beam and kp is the wave number of the waveguide mode at the pump frequency wp. We assume that the nonlinearity has the form n(I) = no + n 2 I and that the pump beam is uniform over a width L. For waveguide fields within this width, denoted the interaction region, the usual slowly varying envelope approach 6 leads to the equations
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where vg is the group velocity of the mode and n is the attenuation coefficient corresponding to scattering or absorption of the waveguide field. The real coefficients a, fi, and y describe coupling induced by the nonlinearity; each coefficient is the product of the change in index of refraction due to the pump beam and an overlap integral divided by the incident wavelength. The overlap integrals involve the product of various field profiles over the region where the nonlinearity is present and in typical cases are of the order of 0.1-0.5. In Eqs.
(1) the coefficients a, -y, i7 describe the strength of well-known physical processes: X describes the decrease in mode amplitude with propagation, a describes the shift in wave number due to the change in index of refraction under the pump beam, and y describes the self-phase and cross-phase modu-0146-9592/90/050261-03$2.00/0 © 1990 Optical Society of America lation. The interesting term is that connected with A, which scatters aR into aL* (and aL* into aR). Slowly varying envelope equations with this manner of coupling are used to describe phase conjugation (see, e.g., Refs. 7 and 8 and references therein), where the field induced in one direction is the phase conjugate of the field present in the other. Equations (1) show that this system is an optical phase conjugator similar to four-wave mixing systems, although here there is only one pump beam: reflections from the interface of the waveguide produce the standing-wave component of the field that is usually produced by counterpropagating pumps, but otherwise the phase-conjugation process is the same. Solutions to Eqs. (1) for a = X = y= 0 have been examined extensively in the literature (e.g., Refs. 7 and 8), but mostly for parameters appropriate to phase conjugation. Many authors (e.g., Ref.
7) note an oscillation condition of AL = 7r/2, where L is the length of the interaction region, in which the reflection of the phase-conjugate mirror diverges. This process has been observed by Pepper et al. 9 for a phase-conjugate mirror produced by degenerate fourwave mixing in which all four waves are collinear.
Here we present solutions to Eqs. (1) in this instability regime and examine the initial growth and the saturation of the transverse structure that result from this instability.
To examine the behavior of a small field in the waveguide we drop the nonlinear terms in Eqs. (1) (set y = 0) and solve the linear equations. The resulting amplitudes are
where K(X) = f1{W + iq 1 Here the constants A+ and A_ are the amplitudes of the two independent eigenmodes of the system and we have taken w = WR + iwi to be complex, a positive imaginary part corresponding to growth of the field structure.
These modes are similar to those first studied by Bobroff' 0 in a different problem, the generation of stimulated Brillouin scattering in a liquid. But in that case the pump beam is collinear with the two modes, and one mode describes a generated sound wave while the other describes the backscattered light.
In our problem, to determine the value of oI and thus the stability of the system, we consider the boundary conditions that no waveguide field is incident from the left or right. Construction of solutions from Eqs. (2) leads to the condition
WI + X7 WR = - (3) Note that for 7 = WI = 0 this reduces to the oscillation condition described above. For a given L, 1 , and A, the WI that satisfies Eq. (3) determines the growth constant of the field structure: a(x, t) = a(x)exp(wit). Figure 2 shows an instability diagram for selected values of the attenuation coefficient 77; if the parameters of the system correspond to a point above the indicated curve, then Eq. (3) is satisfied by WI > 0 and the field structure in the waveguide will grow exponentially with time. To observe this phenomenon one could either detect the mode field leaving the interaction region or diffract a probe off the periodic index change produced by interference between the pump and mode fields. The nonlinearity necessary to generate such an instability is large but not unrealistic." The cross in Fig. 2 corresponds to a beam of width 2 mm, wavelength 0.69 /im, and power density 150 MW/ cm 2 , incident upon a waveguide constructed from a material with a nonlinearity 100 times that of CS 2 .
This leads to a change in the refractive index of An = 5.4 X 10-4 due to the pump intensity and a guided- below). In general, if the attenuation is small over the length of the interaction region, 7 7L << 1, the waveguide field will be unstable when An 't X/L. The instability in the waveguide fields about the zero-field solution arises from two physical processes, and both are represented by the phase-conjugate coupling in Eqs. (1) (the term with the coefficient A3). First, energy is coupled from the pump beam into the mode field aR (aL) from a grating produced by interference between aL* (aR*) and the pump field. Second, if one follows the scattering process aR -aL* -aR, one finds that the scattered contribution to aR is returned in phase with the original field, in contrast to the usual scattering from a fixed time-independent grating where the field is returned 7r out of phase. These two processes lead to instability if the interaction region is long enough for the aR -aL* -aR process to occur, approximately AL > 1. We will examine this mechanism and the resultant field structure in more detail in a future publication.
When the mode field becomes unstable it will grow exponentially until the nonlinear terms in Eqs. (1) 
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we change the variables to the sum and difference of the right-and left-going intensities and the sum and difference of the phases of aR and aL. After removal of the three cyclic coordinates, Hamilton's equations of motion can be reduced to This can be thought of as the equation for a mass 1 particle parameterized by x in a quartic potential with zero total energy. The solutions are found by direct integration of Eq. (5) in terms of Jacobian elliptic functions. 1 3 Satisfying the boundary conditions and returning to the original variables leads one to ( -,)] , (6) where 0 = (a + 5v/2)x, cos 20 = -(v/2#)sn[2,3(xxo)Im], m = (v/23) 2 , and xo is the position of the left edge of the pump beam. The amplitude of the structure is determined by the v that satisfies cn[2fLl(v/ 22] = -1. While we are currently investigating the stability of this solution, it seems likely that the instability described above saturates to this field structure since the quartic potential deforms continuously as v grows from zero.
In conclusion, we have demonstrated that a nonlinear waveguide irradiated normally by an intense uniform laser beam can develop an instability and resulting pattern formation transverse to the direction of the incident beam.
